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1. Banach spaces in a category of sheaves 
It is well known that a sheaf A on a topological space X may be defined 
equivalently in terms of a functor 
A : Open(X)OP + Sets 
satisfying a patching condition on the dual of the category of open subsets of X, or in 
terms of a continuous mapping 
A 
i PA 
X 
satisfying an Ctale condition over X. These aspects each emphasise a sense in which 
the sheaf may be considered to be a generalised set varying continuously over the 
topological space. 
When defining the concept of a sheaf of Banach spaces on X, each of these 
possibilities is still available: one may consider a functor 
A : Open(X)“” + Ban 
satisfying a patching condition in the category of Banach spaces, or a continuous 
mapping 
A 
l PA 
X 
indexing continuously a Banach space for each x E X and satisfying an Ctale 
condition appropriate- to the context of Banach spaces. These approaches lead 
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respectively to the concepts of a Banach sheaf on X, considered first by Auspitz [ 11, 
and of a Banach space over X, which will be introduced below. 
However, there is another possible approach: in the category Sh(X) of sheaves on 
a topological space X there may be interpreted [9] a language in which may be 
expressed many of the constructions and definitions of mathematics. Expressed in 
this language, in a way more appropriate to a situation in which neither the axiom of 
choice nor the law of the excluded middle are necessarily valid, a Bunuch space in the 
category of sheaves on X may be defined to be a complete normed linear space in the 
following sense: 
By a linear space B in the category Sh(X) is meant a module over the sheaf Rx of 
continuous real functions on X. Then B is said to be normed if there is given a map 
from the sheaf of strictly positive continuous real functions on X to the sheaf of 
subsheaves of B satisfying the following conditions: 
(i) VuEBVrtzR; a EN(r)t*%‘<ru EN(r’); 
(ii) VUEB 3rERG a s N(r); 
(iii) Vu, 6 E B Vr, s E R& uEN(r)hbEN(s)-*u+bEN(r+s); 
(iv) VuEBVr,sER&VcuERx IQI<rhuEN(s)~cuuEN(rs); 
(v) VUEB u=Ot,VrERf; aEN( 
These conditions are written in the language of Sh(X) and are required to be satisfied 
in its interpretation in that category [9]. Now, a map 
from the sheaf of locally constant natural number functions on X is said to be a 
Cuuchy approximation on B provided that it satisfies 
(vi) VnENx3uEB ace,,; 
(vii) Vk E N, 3m E Nx Vn, n’a m UEC,AU’GC;+~-u’~N(l/k). 
The normed linear space is said to be complete provided that each Cauchy approxi- 
mation on B converges, where an approximation C is said to concerge provided that 
(viii) 3bEBVkENx3mENxVnzm uEC,+u-bEN/(l/k). 
This quantification over Cauchy approximations is also intended to be interpreted 
internally in the category of sheaves on X. Although the definition is of a Banach 
space over the real numbers, there is evidently a corresponding concept over the 
sheaf of continuous complex functions on X. 
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Example. The sheaf Rx is a linear space which may be normed by the map 
N 
R;+ RRX 
which assigns to each f~ Ra U) the subsheaf of Rx over the open subset U c X 
whose sections over U’ c U are those g E Rx( U’) such that 
Ig(x)l <f(x) 
for each x E U’. Then RX is complete with respect to this norm, and a Banach space 
in the category of sheaves on X. 
Although this definition requires an understanding of its interpretability in a 
category of sheaves, it has the advantage that it allows the Banach spaces introduced 
to be considered either semantically in the category of sheaves or syntactically in the 
language of the category of sheaves. This advantage becomes more appealing on 
observing that neither is a Banach sheaf a sheaf in the accepted sense, nor a Banach 
space over X an espace itale’. Also this definition can be made in an arbitrary 
Grothendieck topos. 
The relationship to be established here between these concepts is that for any 
topological space X the category of Banach spaces in the category of sheaves on X is 
naturally equivalent to the category of Banach sheaves on X and to the category of 
Banach spaces over X. The existence of this equivalence allows Banach spaces over 
X and Banach sheaves on X to be examined using techniques already adequately 
developed in the category of sheaves on X. On the one hand, those arising in the 
representation theory of rings and modules may be used to obtain existence 
theorems for representations of Banach spaces and C*-algebras, while those of 
intuitionistic analysis and algebra in a category of sheaves allow the development of 
functional analysis within these categories. Indeed, the equivalence indicates that a 
fundamental problem in the foundations of sectional representations has been 
resolved: that of axiomatising those structures in which Banach spaces may be 
sectionally represented. The Banach spaces over X are exactly those needed, and the 
equivalence allows these representations to be developed in the context of sheaves 
wherever this proves appropriate. 
The definition of a normed space in a category of sheaves was originally introduced 
in [lo] to allow representations of Banach algebras to be obtained by applying the 
techniques of [12] to the Gelfand representations of their centres. This approach to 
the Dauns-Hofmann theorem for C*-algebras will be examined elsewhere. In 
another direction, the extension of this equivalence to normed spaces in Sh(X) may 
be used to obtain a Hahn-Banach theorem for normed spaces over X [3, 41. A 
discussion of the axiomatisation of Banach spaces in Sh(X) and the extension of this 
equivalence to normed spaces may be found in [4]. It may be remarked that 
Hofmann [8] has established that for a hereditarily paracompact opological space X 
there exists an equivalence between Banach sheaves on X and Banach bundles on 
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X: hence, this notion of Banach bundle coincides with that of Banach space over any 
space satisfying this condition. Further, using an equivalent definition of Banach 
space over X, Auspitz [I] earlier established the equivalence with Banach sheaves 
over any topological space X. 
2. Banach spaces over X 
In considering representations of C*-algebras, Dauns and Hofmann [S, 71 defined 
the concept of a field of Banach spaces over a topological space X, generalising a 
notion introduced earlier by Dixmier and Douady. Typically, one is interested in the 
case when X is an ideal space of the C*-algebra A, indexing continuously the 
C*-algebras in which A is represented. The definition was later modified [8] to that 
of a Banach bundle on X, conflicting with the usage of Fell [6] in the theory of 
induced representations. The definition of a Banach space over X which is now 
introduced is conceptually that of the espace italk of a sheaf of Banach spaces on X. 
Although it is more specialised than that of a field of Banach spaces, it includes those 
needed to develop the theory of representations of Banach algebras, while general- 
ising the ideas of [6]. The nomenclature of [8] has been abandoned to avoid any 
intimation of loca1 triviality or any confusion with existing terminology. 
By a Banach space A Over X will be meant a topological space together with a 
continuous mapping 
A+X 
of which the fibre A(x) at any x E X is a Banach space in such a way that: 
(i) the operations of addition, scalar multiplication and zero are continuous over 
X; 
(ii) the subsets 
U(a, E) = {a E A(x)lx E U, IIcz -a(x)11 < E}, 
for each E > 0 and each section a over any open subset U c X, form a base of open 
sets for the topological space A; 
(iii) for each x EX, E >O and a CA(X) there exists a section a over an open 
neighbourhood U of x such that 
cy E U(a, E). 
Example. Consider the product space XX R together with the projection 
XxR+X 
onto X. It is evident that each fibre is a Banach space, of which the operations are 
continuous over X. For each open subset U c X and each continuous real function a 
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over U, the subset 
is open in the product topology for each E > 0. Moreover, those subsets determined 
by the constant functions form a canonical base for the topology of X X R, and there 
exists a constant function through each point of Xx R. So, one has a Banach space 
over X. 
For any Banach space A over X, the sheaf B of sections is a module over the sheaf 
Rx, by the continuity of the operations of A. Define a map 
by assigning to each strictly positive continuous real function f on UcX the 
subsheaf of B whose sections over any U’ c U are those b E B( U’) for which 
for each x E U’. Then it may be verified straightforwardly that B is a normed linear 
space in Sh(X). Moreover, one has the following: 
Proposition 2.1. For any topological space X, the sheaf of sections of any Banach 
space over X is a Banach space in the category of sheaves on X. 
It is enough to show that any Cauchy approximation on B over X converges. 
Suppose then that a Cauchy approximation 
is given, defining (and in fact defined by) a sequence (G),,=~.z,... of subsheaves of B. 
Then since C is an approximation there exists for each n an open covering (U&“‘) of 
X together with for each Ub”’ a section bh”’ E B(Uz’) lying in C,,(Uh”‘). For each 
x E X, choosing for each n an open set Uh”’ containing x one obtains a sequence 
(p”(x)) in the fibre A(x), which is Cauchy by the cauchyness of the approximation. 
This converges in the Banach space A(x) to an element p(x), independent of the 
choices involved. It is asserted that x -p(x) determines a section over X. For any 
x E X and open neighbourhood U(a, e) of p(x), there exist E > 0 and an open 
neighbourhood U(a, 6’) of p(x) with 
U(a, S + 8’) c U(a, E) 
and with the open ball in the fibre A(x) of radius S centred on p(x) contained in 
U(a, 6’). By the cauchyness of C, there exist a natural number M, an open 
neighbourhood V of x and a section b E C,,,(V) such that 
Ilb(y)-P(y)ll<S 
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for each y E V. By the continuity of b, it may be assumed that y E V implies 
b(y) E U(a, 6’) (and therefore p(y) E U(a, 6 +a’)). So V is an open neighbourhood 
of x EX mapped by p into the open neighbourhood U(a, E) of p(x). It may be 
verified then that the approximation C indeed converges to the section @. The 
normed linear space B is therefore complete. The assignment yields a functor 
Ban/X --, Banx Rx 
from the category of Banach spaces over X and linearly contracting continuous 
mappings over X to the category of Banach spaces and linear contractions in the 
category of sheaves on X. 
For any Banach space B in the category of sheaves on X, the stalk B, of the sheaf B 
at any x E X carries a seminorm defined for each /3 E B, by 
llpll= inf{q E Q13U 3x36 E B(U), p = 6, and b E N(q)}. 
The completion of the normed space obtained by factoring out the kernel of this 
seminorm is a Banach space which will be called the Banuch fibre of B at x E X, 
denoted by B(x). The disjoint union of the Banach fibres B(x) for x E X may be 
topologised by taking the subsets 
U(u, E) = {a E B(x)lx E U and IIa - u(x)11 < E} 
for each E > 0 and a E B( U) for any open subset U c X to be a base of open sets. The 
fibre space determined by the canonical mapping to X is a Banach space over X, 
given the following: 
Proposition 2.2. For any topological space X, the Bunuch fibres of any Bunuch space 
in the category of sheaves on X determine a Bunuch space over X. 
Moreover, any linear contraction 
in the category of Banach spaces in the category Sh(X) determines for each x E X a 
linear contraction 
B(x) ‘(=) - B’(x) 
between their Banach fibres, giving a map from the Banach space over X determined 
by B to that determined by B’. Functoriality follows, yielding a functor 
BanxRx + Ban/X 
from Banach spaces in Sh(X) to Banach spaces over X. 
With these preliminaries we may state: 
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Theorem 2.3. For any topological space X, the functors 
determine an equivalence between the category of Banach spaces over X and the 
category of Banach spaces in the category of sheaves on X. 
For any Banach space B in the category of sheaves on X, there is a map 
B+Z 
into the sheaf of sections of the Banach space determined by B: for each U c X it 
takes b E B(U) to the section which maps each x E U to the element b(x) of the 
Banach fibre B(x) of B. Denoting by 6^ EI?(U) the section obtained in this way, note 
that 6 E A(f) means precisely that there exists an open covering (U,) of U together 
with qO E Q such that qol < fl U, and b) U, E iV(q,) for each (Y. This happens exactly if 
b E iV(f ): hence the map 
is an isometry, which may be verified to be a natural isomorphism. 
For any Banach space A over X there is a map 
A-A 
X 
from the Banach space over X determined by the sheaf of sections of A: for each 
x E X, the canonical map 
& *A(x) 
from the stalk of its sheaf B of sections to the fibre at x E X of the Banach space A 
induces a linear map to A(x) from the normed space obtained by factoring out the 
kernel of the seminorm on B,. Defining 
&x)+A(x) 
for each x E X to be the extension of this linear map to the completion of this normed 
space, this defines an isomorphism of Banach spaces over X. The functors therefore 
yield an equivalence of categories. 
Example. Consider the Banach space 
XxR+X 
over X, of which the sheaf of sections is Rx. The map 
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defined above assigns to eachfc RaU) the subsheaf consisting of those g E Rx( U’) 
for which 
Igb)l <f(x) 
for each x E U’ c U. The Banach space corresponding to this Banach space over X is 
therefore Rx. 
Conversely, the Banach space Rx determines a Banach space over X of which the 
fibre at any x E X is the completion of the normed space determined by the seminorm 
llfxll = inf{q E QI 3 U 3 x VY E U If(x)1 < 91 
on the space Rx,x of germs of continuous real functions at x E X. The kernel of this 
seminorm is evidently the unique maximal ideal of RJC,~ consisting of germs of 
functions whose value at x E X is zero. The normed space obtained is therefore the 
real numbers for each x E X, and the Banach space over X determined by Rx is 
XxR+X. 
3. Banach sheaves 
Since the category of Banach spaces and linear contractions has arbitrary limits 
and colimits, the concept of a sheaf of Banach spaces may be defined as a presheaf 
A : Open(X)OP + Ban 
for which the diagram 
is exact in the category Ban for any open covering (U,) of an open subset UcX. 
However, the name of Banach sheaf will be reserved for presheaves atisfying a more 
restrictive condition arising from the Godement construction of the sheaf generated 
by a presheaf. The observation that for the category of Banach spaces this yielded a 
different concept of sheaf is due to Auspitz [l]. The form of the definition which 
follows is essentially that of Banaschewski [2], who examined their relationship to 
categories of Banach modules. Before introducing this definition we recall the 
construction of certain direct limits and products in the category Ban. 
For any presheaf 
A : Open(X)OP + Ban 
on the topological space X, one may consider the direct limit 
A(x)=zA(U) 
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in the category of Banach spaces for each x E X: the Banach space A(x) will be called 
the Banach stalk of the presheaf at x E X to distinguish it from the direct limit 
AX =$*A(U) 
in the category of linear spaces, which will be called simply the linear sralk at x E X. 
The Banach stalk is the completion of the linear stalk with respect to the seminorm 
defined for each cy E A, by 
IaIl = inf+4I la, = aI 
taken over all a E A(U) for which U is a neighbourhood of x E X The construction is 
evidently similar to that of the Banach fibre of a Banach space in the category of 
sheaves on X. 
For any open subset U c X, one may consider the product 
in the category of Banach spaces of the Banach stalks indexed by the points of U: this 
product is the subspace of the Cartesian product of the linear spaces (A(x)),,LI 
consisting of those families a = (a (x)),, U for which SUP,~ U lla (x)/l c CO, allowing the 
norm of such an element of the product to be defined by 
lb II = tyt lb (XII. 
For each a E A(U), taking the canonical image a(x) E A(x) for each x E U deter- 
mines an element (a(~)),,~ of this product nxouA(x) of which the norm is 
evidently not greater than the norm of a E A(U). 
By a Banach sheaf A on a topological space X is meant a presheaf of Banach 
spaces on X, satisfying the following conditions: 
(i) for any open subset U c X and any a E A(U), 
Ilall =;yddll; 
(ii) for any open subset U c X and any (Y E fl,, U A(x), if for each E > 0 there exists 
for each x E U an open neighbourhood V of x E X together with b E A(V) for which 
llNY)-~(Y)ll<& 
for each y E V, then there exists an a E A(U) such that 
a(x) = (u(x) for each x E U. 
Example. For any topological space X, consider the assignment o each U c X of 
the Banach space RgU) of bounded continuous real functions on U. The Banach 
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stalk at each x EX is the space of real numbers, together with the maps 
R%U)+R 
which evaluate each function at x E U. Evidently, 
by the definition of the norm of fc R$(U). Further, given for each x E U a real 
number a(x) such that for each E >O there locally exist continuous functions 
differing from (u(x) by less than E, it may be verified that the real function (Y is 
continuous. So this yields a Banach sheaf on X. 
It follows immediately that any Banach sheaf A is a sheaf of Banach spaces in the 
weaker sense described above, satisfying in particular the bounded patching condi- 
tion : that for any open covering (U,) of an open subset U c X together with for each 
U, an a, E A( U,) for which 
there exists a unique a E A(U) such that 
a 1 U, = a, and sup Ila,II = jja 11. 
u 
Since this patching property only holds for families of patchable sections which are 
bounded in norm, the presheaf of linear spaces underlying a Banach sheaf is not 
necessarily a sheaf. Consequently, for any Banach sheaf A one may consider the 
sheaf B generated by this presheaf of linear spaces. Concerning this sheaf B, one has 
the following: 
Proposition 3.1. For any Banach sheaf A on a topological space X, the sheaf B 
generated by the Banach sheaf A is a Banach space in the category of sheaves on X. 
It is known [2, Proposition 41 that for any open set U c X the Banach space A(U) 
is canonically a module over the ring of bounded continuous real functions on U c X. 
Since every continuous real function is locally bounded, the sheaf B generated by A 
is a module over the sheaf Rx of continuous real functions on X. Moreover, we may 
define a map 
by assigning to each strictly positive continuous real function f on UcX the 
subsheaf ZV(fl of B of which the sections over any V c U are those a E B(V) for 
which there exists an open covering (V,) of V, over each open subset V, of which the 
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restriction of a lies in A( V,) and satisfies 
II4 vail <fl VW 
It may be verified that this makes B a normed linear space in the category of sheaves 
on X 
It remains to show that every Cauchy approximation on B converges: suppose 
then that C is a Cauchy approximation over an open subset U c X. For each natural 
number n, there exists an open covering (Uh”’ ) of U together with for each Ub”’ an 
element ah”’ E B(Uc') lying in C. It may be assumed that a:’ E A(&"') for each 
Uh”‘. Hence, for each x E U, a sequence a’“‘(x) may be chosen in the Banach space 
A(x) by choosing ah"' E A( Ur') for an arbitrary UF’ containing x for each n. By the 
cauchyness of the approximation, the sequence u’“‘(x) converges to an element u(x) 
of the Banach space A(x). Again by the cauchyness of the approximation, there 
exists an open covering (U,) of U on each open set of which Ilu(x)II is bounded. 
Applying the condition satisfied by a Banach sheaf to the element of n,,,A(x) 
determined by these u(x) E A(x) for each open subset U,, the cauchyness again 
shows that there exist locally sections of the Banach sheaf A which are arbitrarily 
close to the elements u(x) E A(x). Therefore, over each CJ, there exists a, E A( U,) 
determining u(x) E A(x) for each x E U,. It follows that there exists a E B(U) 
obtained by patching these a, E A( U,) over the open covering, to which it may be 
verified that the approximation converges. Therefore, B is a Banach space in the 
category of sheaves on X, and this assignment may be seen to give a functor 
Ban Sh(X) + Banx Rx 
from the category of Banach sheaves on X to the category of Banach spaces in the 
category of sheaves on X. 
For any Banach space B in Sh(X), consider for each open subset U c X the subset 
A(U) = {a E B(U) /a E N(q) for some rational 4) 
consisting of sections which are externally bounded on the open set. This is evidently 
a linear space, which may be normed by defining 
llall = infIq E Q’ I a E N(q)L 
in which positive rationals are identified with constant rational functions on the open 
subset U c X. For each open U c X, the normed space A(U) is complete: let (a,) be 
a Cauchy sequence in A(U). This determines a sequence in the Banach space B over 
the open subset (I, and in particular an approximation over U consisting of 
singletons. Since (a,) is Cauchy in A(U), for any k there exists some m such that 
llan -W/I< Ilk 
whenever n, n’ 2 m: it follows that a, -a,, E N(l/k). The approximation deter- 
mined by the sequence is therefore Cauchy, so converges in the Banach space B to a 
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unique a E B(U). It must be proved that for any k there exists m such that 
IIan -all< l/k 
whenever n 2 m: in particular, it follows that a E A(U). Given k, choose by the 
cauchyness of the sequence (a,,) an m for which 
l/an - a,sll< 1/3k 
whenever n, n’ L m. By the convergence of the approximation there exists an open 
covering (U,) of U together with m, for each U, such that 
a,,-a EN(1/3k) 
over U, whenever n’s m. Choosing n’~ max(m, M,), it follows that 
a, -a,,E N(1/3k) 
over U,, hence that 
a,, -a E N(2/3k) 
over each U, of the open covering of U. Therefore 
IIan -all< l/k 
whenever n 2 m, so that A(U) is a Banach space. Moreover, the restriction maps of 
B induce restrictions on A with respect to which it is a presheaf of Banach spaces on 
X. 
Concerning this one has the following: 
Proposition 3.2. For any topological space X, the bounded sections of a Banach space 
B in the category of sheaves on X form a Banach sheaf on X. 
Proof. For any open covering (U,) of an open subset U c X, it may be verified that 
llall=su~ IIGLII P 
for any a E A(U), since each N(f) is a subsheaf of the Banach space B. The first 
condition for a Banach sheaf is therefore satisfied. Now suppose that for each x E U 
there is given a(x) E A(x) such that for each n there exists an open covering (Uh”)) of 
U, together with ah”’ E A( Uh”’ ) for each Uh”‘, for which 
IlaY(-((x)11< l/n 
in the Banach space A(x) for each x E Ub”‘. Then the sequence (Cn)nrl.2.... of 
subsheaves of B generated by the elements ah”’ E B(U!$) over the open subset 
UcX defines an approximation in the Banach space B. The approximation is 
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Cauchy: for any n, n’ and x E Ur’ n I$” we have 
Ilah”‘(x)- &‘)(X)((< l/n + l/n’, 
. hence there exists an open neighbourhood of x E Uh”’ n Ug” over which 
(n) arr --u;‘) EN(l/rr + l/n’). 
It follows that for any k there exists an m for which 
(n) 
a, -aj;“~N(l/k> 
over Uh”’ n U’,” whenever n, n’ 3 m. The approximation is therefore Cauchy, so 
converges to a unique a E B(U). It may be verified that Q E A(U), and that it 
determines the given a(x) E A(x) for each x E U. This completes the proof of the 
proposition. 
It may easily be checked that the assignment yields a functor 
Banx Rx + Ban Sh(X) 
from the category of Banach spaces in the category of sheaves on X to the category of 
Banach sheaves on X, concerning which one has the following: 
Theorem 3.3. For any topological space X, the functors 
Banx Rx *Ban Sh(X) 
determine an equivalence between the category of Banach spaces in the category of 
sheaves on X and the category of Banach sheaves on X. 
The proof essentially remarks that any Banach space in Sh(X) is generated by its 
bounded sections, and that any Banach sheaf is the presheaf of bounded sections of 
the Banach space which it generates. The natural maps to which these observations 
give rise then establish the equivalence of categories. 
For any Banach space B in the category Sh(X), consider the Banach space 2 
generated by the Banach sheaf of bounded sections of B. For each open subset U c X 
and each b E B(U), there exists an open covering (U,) of U together with for each 
U, a rational qol such that a E N(q,) over U,. Hence, over each U, the element 
a[U, E B( U,) lies in the Banach sheaf of bounded sections of B. Consequently, 
a E B(U) may be identified with the element a^ Ej( U) obtained by patching these 
a 1 U, E A( U,). This determines a linear map 
evidently natural in B, which is a linear isomorphism. The map is also isometric, 
hence an isomorphism in Banx RX: for denoting by fi the norm of 8 one has 
a E N(f) over U if and only if there exists an open covering (U,) of U for which 
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a E iv(f) over each Ua if and only if there exists an open covering (U,) of U together 
with a rational qa with a E N(q,) and qa <fever each U, if and only if a^ Efi(fl. The 
isomorphism is therefore isometric. 
Conversely, for any Banach sheaf A, consider the Banach sheaf A of bounded 
sections of the Banach space B generated by A. For each open subset UcX, the 
element of B(U) determined by any a E A(U) lies in the open ball N(q) of B over U 
for any rational q which exceeds the real number IlaII: there is therefore a natural map 
Ad, 
which is asserted to be an isomorphism in Ban Sh(X). The map is exactly the 
inclusion of the Banach sheaf A in the bounded sections of the Banach space which it 
generates: it is therefore injective. The map is surjective: for given any bounded 
element b E B(U) there exists an open covering (U,) of U c X together with 
a, E A( U,) mapping to bl U, E B( U,). The sections a, E A( U,) agree on any inter- 
section U, n U,, and the supremum sup,lluaII exists because b E B(U) is bounded. 
The bounded patching condition satisfied by A therefore establishes that there exists 
a unique a E A(U) mapping to the given b E B(U). This linear isomorphism is an 
isometry: for /alI < 4 in A(U) if and only if a E N(q) over U in the sheaf B if and only 
if IlGll<q in A(U); hence lldll equals Ilull f or any a E A(U). The functors therefore 
yield an equivalence of categories. 
Example. For any topological space X, the elements of RX(U) which are bounded 
externally are exactly the bounded continuous real functions on U c X. The norm in 
the Banach space obtained for each U c X is that given by 
llfll= inf{q E Q’lf~ Nq)l. 
However, by the definition of the norm 
of RX, this is exactly sup{lf(x)llx E U}. The Banach sheaf determined by the Banach 
space RX in Sh(X) is therefore that of bounded continuous real functions on X. 
Conversely, the sheaf generated by this Banach sheaf is exactly the sheaf of 
continuous real functions on X, together with the canonical norm. 
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